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COMPOSITION OPERATORS ACTING ON
HOLOMORPHIC SOBOLEV SPACES

BOO RIM CHOE, HYUNGWOON KOO, AND WAYNE SMITH

ABSTRACT. We study the action of composition operators on Sobolev spaces
of analytic functions having fractional derivatives in some weighted Bergman
space or Hardy space on the unit disk. Criteria for when such operators are
bounded or compact are given. In particular, we find the precise range of or-
ders of fractional derivatives for which all composition operators are bounded
on such spaces. Sharp results about boundedness and compactness of a com-
position operator are also given when the inducing map is polygonal.

1. INTRODUCTION AND STATEMENT OF RESULTS

Let D be the unit disk in the complex plane. We shall write H (D) for the class
of all holomorphic functions on D. Let s > 0 be a real number. Following [BB], we
define the fractional derivative for f € H(D) of order s by

Ref(z) = Z(l +n)’anz", zeD
n=0
where Y a,2" is the Taylor series of f.

In this paper, we are going to investigate composition operators acting on holo-
morphic Sobolev spaces defined in terms of fractional derivatives. To introduce
those holomorphic Sobolev spaces, let us first recall some well-known function
spaces. For 0 < p < oo and o > —1, the weighted Bergman space AP, is the
space of all f € H(D) for which

£ 1% :/le(Z)lp(l— |2[?)* dA(2) < oo,

where dA is area measure on D. Also, the Hardy space H? is the space of all
g € H(D) for which

2
. de
ol = sup [ lotre) P < o
o<r<1.Jo s

We will often use the following notation to allow unified statements:
AP = HP.

This notation is justified by the weak-star convergence of (a+1)(1— |2]?)* dA(z)/7
to df/2m as a — —1.
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Now, for p > 0, s > 0 and a > —1, the holomorphic Sobolev space AL , is
defined to be the space of all f € H(D) for which R*f € A2. We will often write
H? = AP . We define the norm of f € AP _ by

Fllaz,. = [IR*Fllaz-

Of course, we are abusing the term “norm”, since || - |[45 , does not satisfy the
triangle inequality for 0 < p < 1, but in this case (f,g) — [|f — g[/%), = defines
a translation-invariant metric on AP, which turns AP into a complete tdbological
vector space.

A function ¢ € H(D) that satisfies ¢(D) C D induces the composition operator
Cy, defined on H(D) by

Cof =foep.

Throughout this paper the symbol ¢ will always represent a holomorphic self-map
of D. In this paper we study the action of composition operators on holomorphic
Sobolev spaces. This setting allows a unified treatment of composition operators
on Hardy spaces (HP = Ali1,o), weighted Bergman spaces (A2 = AZ’O, a > —1),
and Dirichlet-type spaces (A£71), where extensive research has already been done.
The book [CM] is a good introduction to this work. The main results in this paper
may be viewed as summarizing well-known boundedness and compactness results
for composition operators on these spaces, and then extending them to the Sobolev
setting.

It is a well-known consequence of Littlewood’s Subordination Principle that every
composition operator is bounded on AP, for every p > 0 and o > —1; see [MS]. It is
natural to ask how this extends to the spaces Af, ; when s > 0. Forp > 0, a; > —1,
s; >0 (j =1,2) with oy — a2 = p(s1 — s2), we have the following equivalence (see
Theorem 5.12 in [BB]):

(1.1) AP m AP

1,51 Q2,82°

That is, these spaces are isomorphic and have equivalent norms. In particular, when

5 < % we have A%, .~ Al __ . Thus it follows that every composition operator is

bounded on Af . when s < aT'fl. The general situation is described in the following
theorem. Just the statement of this and our other main results are given in this

section. The proofs will come later.

Theorem 1.1. Letp >0, s >0 and o > —1.
(a) If s < %; then every composition operator is bounded on AP, ..
(b) If s = % and

(i) p > 2 or a = —1, then every composition operator is bounded on Ab .
(ii) p < 2 and a > —1, then some composition operators are not bounded
on AP _.

(¢) If s> aT'fl, then some composition operators are not bounded on AP ..

The case « = —1 in part (b) corresponds to s = 0, and as previously mentioned
every composition operator is bounded on H? = A” 1,0- The case a = —1 in part
(c) shows that this does not extend to HP for a range of positive s, as was the case
for the Bergman-Sobolev spaces.

The bounds on s in Theorem [Tl can be extended when the inducing map of the
composition operator is univalent or, more generally, of bounded valence.
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Theorem 1.2. Letp >0, s > 0 and o > —1. Assume that o is of bounded valence.
(a) Ifp>2 and s < (’TTQ, then Cy, is bounded on AY, .
(b) If p<2ands < (’Tfl + 3, then Cy, is bounded on AP, .

The upper bound s < (’TTQ in part (a), for p > 2, is sharp; an example will be

given in §6. We do not know whether the upper bound s < QTH + % in part (b) is

sharp, but another example will be given that shows that the upper bound cannot
be extended to the bound “T” from part (a).

The equivalence (IL1]) does not extend to the limiting case ces = —1. However,
for a; > —1 with a; + 1 = p(s1 — s2), we have the following Littlewood-Paley-type
inclusion relations:

(1.2) p<2 = AP _ C AP

@1,51 —1,s27

(1.3) p>2 = AP, C AP

—1,s2 1,81 "

Inclusion relations for different values of p are also known. For 0 < p; < pao,

a; >—1,5;>0(j=1,2) With";}—Y'Q—QZ—;"Q251—527 we have

(1.4) AL s C AL,

Let p > 0, « > —1, and s > 0. Note that we have A, , C ApletD/(at2=ps) 4,
ps < a + 2, as a special case of the above inclusion (so = 0, a3 = «a2). In case
ps > «a + 2, inclusion relations with other types of function spaces are known as
follows:

(1.5) 0<ps—(a+2)<p = AL C A (at2)/ps
(1.6) ps=a+2 = A} . C VMOA.

Here, A. denotes the holomorphic Lipschitz space of order ¢, 0 < ¢ < 1, and
VMOA denotes the space of holomorphic functions of vanishing mean oscillation.
The definitions and more information on these spaces can be found in [CM] for A,
and [G] for VMOA. For details of all the inclusions mentioned above, see Theorem
5.12, Theorem 5.13, and Theorem 5.14 in [BBJ.

The boundedness (compactness) of a composition operator on a smaller space
often implies the boundedness (compactness) of the operator on larger spaces. This
general philosophy and the inclusion relations mentioned above lead to natural con-
jectures. The methods developed below in §2 to address these conjectures require
some restriction on the parameters. In particular, the case ([[L2) is left open since
our methods do not apply when the target space is a Hardy-Sobolev space.

Theorem 1.3. Let X C Y be any of the inclusion relations in (L3) — (L3, and
assume for inclusion ([L3) that s; < 1, and for inclusion [L4) that g > —1 and
So <1+ (1 -l—()ég)/pg.

(a) If Cp : X — X is bounded, then C, : Y — Y is bounded.

(b) If Cp : X — X is compact, then C, : Y —Y is compact.

Inclusion (LE) was left out of the preceding theorem, but we have the following
partial result in that case.

Theorem 1.4. Letp >0, a > —1, s > 0 and assume ps = o + 2.
(a) If Cp 2 AL, o — AP ¢ is bounded, then Cy, : VMOA — VMOA is bounded.

a,s
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(b) If ¢ is univalent and C, : AY  — AL _is compact, then C, : VMOA —
VMOA is compact.

We also mention the elementary inclusion relations that, for all p > 0, s > 0,
a>—1,and € > 0,
A:D

a,s5+¢€

c A;gz,s C Ange,s'
In §3 we will give a result analogous to Theorem [T for these inclusions, but with
some restrictions on the parameters.

As a first application of Theorem [[3], notice that it can be used to prove the
case a > —1,p> 2, and s = O‘T‘fl in Theorem [LTl Then H? C A% ( by (L3), and
so every composition operator is bounded on A% ; by Theorem [[3] In the other
direction, once criteria for C', to be bounded or compact on the larger spaces are
known, Theorem [[.3] can be used to provide necessary conditions for boundedness
or compactness of C, on the smaller spaces. For example, by taking A. as the
larger space, we have the following consequence, which has been known for p > 2
(Theorem 4.13 in [CM]), while it has been known to be false for p =1 (p. 193 in
[CM]). So, the gap 1 < p < 2 is now filled in. A more general version is proved as
Theorem below.

Theorem 1.5. Letp > 1 and suppose Cy, : HY — HY is bounded. Then the angular
derivative of ¢ exists at all points ( € OD where the radial limit p(C) of ¢ exists
and satisfies |p(¢)] = 1.

A basic problem in the study of composition operators is to relate function-
theoretic properties of ¢ to operator-theoretic properties of the restriction of C, to
various spaces, as in Theorem [L3] When ps < a + 1, we have A8, . ~ AY,__ by
(L)), and criteria for C,, : APt — AP2 to be bounded or compact are known. The
characterization is that a generalized Nevanlinna counting function for ¢ satisfies a
growth condition if po > p;1, or an integrability condition if ps < p1; see [SmI] and
ISY]]. The results in [Sm1] and |[SY| do not apply when ps > « + 1 in either the
domain or the target space. In that case, criteria in the form of Carleson measure
conditions for a measure defined using a modified counting function can be obtained
as in Theorem Z6] below, with some restrictions on the parameters «;, p;, and s;.
This Carleson-type criteria in Theorem [2:6] will be used to prove Theorems[T.2] and
[C3. We also mention that for the special case p = 2 other techniques are available,
since the norm of a function in A?LS may be given in terms of its power series
coefficients. These spaces are examples of what are called weighted Hardy spaces
in [CM], which is a good reference for composition operators acting on these spaces.

Characterizing when a composition operator is bounded on H?, s > 0, seems
much harder. The difficulty is that (LI} does not provide an isomorphism with
a space of functions defined with full derivatives, and the methods used to prove
Theorem do not apply. We have from Theorem [I.1] that, for any p > 0 and
s > 0, there exists a function ¢ such that Cy, is not bounded on H?. A positive
result is that C, is compact on certain H? whenever ¢ is of bounded valence and
©(D) is contained in a polygonal region contained in D. This is the special case
p1 = po of the following result. For a polygon P inscribed in the unit circle, let
6(P) denote 1/7 times the measure of the largest vertex angle of P.
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Theorem 1.6. Let po > p; > 0 and assume 0 < s < min{p%,%}. Let ¢ be a
holomorphic function of bounded valence taking D into a polygon P inscribed in

the unit circle. If 0(P) < % then Cy, : HP* — HP? is compact.

When s = 0 and p; = po, this has long been known; see [ST]. When s = 0 and
p2 > p1, this result is basically contained in [Sm1]. These results (when s = 0) do
not require the hypothesis of bounded valence. We will prove a more general result
in Theorem [l

In the next section we develop the change of variable methods that we use to
study composition operators, which we then use to give Carleson measure-type
criteria for these operators to be bounded or compact. These criteria are then used
in §3 to prove Theorem[[.3] Next, in §4, the proofs of Theorem [ Il and Theorem
are given. Simple geometric criteria are then developed in §5 for boundedness and
compactness of a composition operator between holomorphic Sobolev spaces when
the inducing map is polygonal. The paper concludes, in §6, with several examples
which demonstrate that our theorems are sharp.

2. BACKGROUND: CARLESON-TYPE CRITERIA

Our approach to studying composition operators on the spaces A, ; involves a
change of variable from z to w = ¢(z). The equivalence (LI)) allows us to assume
that s is an integer, and then standard non-univalent change of variable methods
can be applied. This gets quite complicated when s is an integer greater than 1.
Thus, for simplicity and clarity of presentation, we confine our attention to the case
s = 1. This enables us to cover parameters p,  and s with o + (1 — s)p > —1
by using the equivalence A%, &~ A (1) , from (LI)). The change of variable
method for s = 1 is summarized as follows

For a holomorphic map ¢ : D — D and w € D, define the modified counting
function N, o (p,w) corresponding to the measure (1 — [z|*)*dA(z) by

Npalpyw) =Y @' (P21 = |2*)°

where the sum is over the set {z : ¢(z) = w}. As usual, the zeros of ¢ — w are
repeated according to their multiplicity. The change of variable formula we need
uses the measure

dptyo (W) = Np,alp, w)dA(w).

Then, by the area formula (see Theorem 2.32 in [CM]), we have the following change
of variable formula.

Proposition 2.1. Let p > 0 and o > —1. Then, we have
/ |(f o) (2)IP(1 = [2]*)*dA(2) :/ | (w)[Pdp o (w)
D (D)

for functions f € H(D).

Note that Proposition 2] cannot be directly applied to the case s = 1, because
Rf(z) = f(2)+zf'(2) by our definition. This difficulty is overcome by the following
proposition. We will often write X <Y if X < CY for some positive constant C'
dependent only on allowed parameters, and X =~ Y if X <Y < X.
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Proposition 2.2. Let p >0, a > —1 and a € D. Then, for every positive integer
n, we have

n—1
11z, = Y 1P @]+ 15|z
k=0
for f € H(D).

Proof. We prove the proposition for a = 0. The proof for general a is similar. The
equivalence ||f|[az., ~ Yp_ollf*) ][4z is proved in Theorem 5.3 of [BB]. Thus,
1fllaz., 2 SOPZo 1F®(0)] + || f]] 42 is clear by subharmonicity.

Now, we prove the other direction of the inequalities. Since H (D) is dense in all
holomorphic Sobolev spaces by Lemma 5.2 of [BB], it is sufficient to show that

(2.1) 1 llaz S FOI+ 1 laz,  f € HD).

First, assume either @ > —1 or 0 < p < 1. Let f € H(D). For each 8 > —1, we
have by Theorem 1.9 of [BB],

1) = 1 | Re)Gy )1 = ) dA(w)

where

@)= =g '}

Therefore, choosing 8 > —1 sufficiently large, we have by Lemma 4.1 of [BB]
(a >—1or0<p<1is used here),

(2.2) Fllaz S IR flaz

a+p

~ | fllaz,, + 1114z

a+p a+tp’
It is easy to see that, given € > 0, there exist a constant C' > 0 and a compact
subset K = {z € D : |z| <r < 1} of D such that

[fllaz,  <ellfllaz 4+ C sup |f(z)].
zEK

a+tp
Taking £ > 0 sufficiently small, we have by 22]),
AP

11z S 1F Lz,
SO+ M az + sup £ (z) = f(0)]
S L)+ [1f1]az + sup [f(2)]-
zeEK

Since sup, ¢ g Lf' ()] S ILf
desired.

Now, consider the case « = —1 and p > 1. Note that

1
0y l eie .
We)ﬂWSAU@)W

Therefore, by Minkowski’s inequality, we have

+ sup | f(2)]
zeEK

A by the subharmonicity of |f/|?, we obtain ([2.I) as

1 o 1/p
w-mwm<é{1é Ww%w@ dt < ||| 20,

2

which implies (ZI). The proof is complete. O
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Having seen Proposition[2.Tland Proposition2.2] it is now clear that the behavior
of Cy,, when the target space is Aa 1, depends on that of the measure pf ,. For
boundedness and compactness of CLP, the criteria for pf , turn out to be Carleson-
type conditions in certain cases. To prove it, we need a couple of lemmas.

Lemma 2.3. A bounded subset of any of the spaces AP
a > —1, is a normal family.

where p >0, s > 0, and

«,S87

Proof. First assume a > —1. Using (L)), a bounded set X in A%, | is also bounded
in some Ag,n, where n is a nonnegative integer. Recall that there is a constant C'
such that

l9(w)| < Cllgllag (1 — [w])~+2)/7

for all g € A’ﬁ’ (see, for example, Theorem 7.2.5 in [R1]). By Proposition [Z2] this
shows that the functions in X are uniformly bounded on compact subsets of D.
Hence X is a normal family. The proof of the result for &« = —1 is similar, since
AP, C AJF, by (IF). The proof is complete. O

In the next lemma we will need the estimate that if « > —1 and 3 > 0, then

(1—|z?)> 1
2. — - dA N — 1-).
(2:3) / |1 —az|2tots (2) (1 — |a|?)? (laf = 1-)
A reference is Theorem 1.7 of [HKZ].

Lemma 2.4. Let p > 0, « > —1 and s > 0. Let N > O‘sz — 8. Put gqo(z) =
(1 —za)~™ for a,z € D. Then, we have

_N—gtat2
19allaz,, ~ 1= la)™M**5", aeD

where the constants in this estimate depend on N, s, a, and p, but are independent

of a.

Proof. First, assume a > —1. Let k be the smallest integer satisfying k > s. Then,
we have AP, & ~ AZJr(kiS)p’k by (). Thus, by Proposition [2Z:2] we have

k-1 - 1/p
) (1 _ |Z|2)a+(k s)p
9allaz., = 1+ enjlal’ + e ilal* {/D T — zap(V 0 dA(2)

j=1
where ¢y j = N(N +1)...(N +j — 1). Thus, by (23), we have
k—1 s
19allag,, = 1+ englal +eniCilal* (1 —[al) M=%,
j=1
where C; = C1(N,s,a,p). The desired estimate follows. Next, assume a = —1.
Note that Ag/32/p+ cA,, C A . by (L4)) and thus

||g(l||A2P S ||ga||ATi1 R < ||ga||Ap/32/ N

On the other hand, we have

- —N-s+1 _
laallgy, =~ (0 la) ™" = lgull g

by what we have just proved for the case & > —1. This completes the proof. O
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For any arc I C 0D define the Carleson square over I to be
SI={re?:1-|I|<r<1, eI},

where |I] is 1/(27) times the Euclidean length of I. Also, let 9 denote the complex
differential operator, i.e., df = f' for f € H(D).

The next lemma asserts that certain operators are compact. We review the
definition, since when p < 1 the spaces involved are not Banach spaces. Suppose
X and Y are complete topological vectors spaces whose topologies are induced by
metrics. A continuous linear operator T : X — Y is said to be compact if the image
of every bounded set in X is relatively compact in Y. Due to the metric topology of
Y, T will be compact if and only if the image of every bounded sequence in X has
a subsequence that converges in Y. Also, linearity of T allows us to only consider
sequences in the unit ball of X.

In the following lemma, part (a) is well known; see Theorems 2.2 and 3.1 in [LI].
Part (b) is certainly known to experts. For example, the case k = 0, p = ¢, and
a > —1 occurs as Theorem 4.3 in [MS]. A proof is included here since we do not
know a reference. In our application, we will take k < 1.

Lemma 2.5. Assume that one of the following three conditions holds:
()a>-1,0<p<gq (#H)a=-1,p=q¢>2; (iti)a=-1,0<p<q.
Let k be a nonnegative integer and p be a positive finite Borel measure on D.
(a) Ok : AP — L4(dpu) is bounded if and only if
W(SI) =0 (|I|kq+q<a+2>/P) ,  I1coD.
(b) 0% : A2 — L9(dy) is compact if and only if
(2.4) W(SI) =o (|1|’W+q<a+2>/p) . I —o.

Moreover, the norm of the map in (a) satisfies the inequality ||0F||¢ < C| |||, where
|l is the supremum of the quantity ju(ST)/|I|F9+a@+2/P oper T C OD.

Proof. We provide a proof of (b). We first prove the sufficiency. So, assume (Z4)
and let {f,} be a bounded sequence in AZ, say of norm at most 1/2. We must
show that {f,} contains a subsequence whose k-th derivatives converge in L?(dpu).
Recall that we have observed that a bounded set in AP is a normal family, and
so by subtracting the limit function and re-indexing an appropriate subsequence,

we may assume that ||f, |4z < 1 and that {f,} and hence {fr(lk)} converges to 0

uniformly on compact subsets of D. We need to show that { fr(lk)} converges to 0
in L9(dp). Let € > 0 and write

W g = [ 15800 [ (0 0<r <
T

D\rD
The first term is easily handled. For any fixed r € (0,1), the uniform convergence
of {fr(lk)} to 0 on rD allows us to find N(r) such that

/|ﬂwwu<a n> N().
rD

Turning to the second term, by hypothesis we can choose r = r. € (0,1) so that
the measure dv(w) = xp\,p(w)du(w) satisfies v(SI) < e|I|?, whenever |I| < 1—r,

|
D
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where 8 = kq+ q(2+ «)/p. For |I| > 1 —r, we subdivide I into m arcs of length at
most 1 —r, where m < |I|/(1—7)+1 < 2|I]/(1—r), and observe that STN(D\ rD)
is contained in the Carleson squares associated with the smaller arcs. Thus, the
previous estimate shows that

2|1
v(SI) < 1'—'5—:(1 — ) < 2eI)P
—r

in this case as well. Note that we used § > 1, which is a consequence of the

hypotheses, for the last inequality. Thus, we see from (a) that there is a constant
(1 such that

sup/ |f,(lk)|qd1/ < (Cie.
n JD

Combined with the previous estimate, this shows that || f,(Lk) | La(au) — O as required.
Now, we prove the necessity. Suppose (2.4) is false. Then there exist a constant
C> > 0 and a sequence of arcs I, C D such that |I,,| — 0 and

(2.5) w(SI,) > CQ|In|kq+q(a+2)/p.

Let 6, = |I,| and (, € 0D be the center of I, for each n. Fix a large integer
N > (a+2)/p. Let gn(2) = (1 — (1 = 8,)2¢,) "N and put f, = gn||gn||2é Note
that ||gn|[%s ~ §-Nptet2 by Lemma 241 Thus, {f,} converges uniformly to 0 on
compact subsets of D. Now, using the compactness of 9% : AP — L9(du), pick a
subsequence of {f,} whose k-th derivatives converge to 0 in L9(du) and use the

same notation for that subsequence. Note that |1 — (1 — §,)z(,| ~ &, for z € SI,,
and n large. Thus, by (2.H), we have

1O > [ 178

2 oot [ 1o (1 8,)G N M)
SI,

Z Cs

q

La(dp)

complete. O

for all large n. This is a contradiction, because || fy(Lk)H — 0. The proof is

Now, a change of variables and standard arguments give us the following Car-
leson measure characterizations of boundedness and compactness. As discussed in
the first paragraph of this section, we restrict our consideration of the orders of
differentiation to certain ranges; analysis of the general case seems too complicated
for this paper. We also mention again that when sp < a+1 or p = 2, other methods
are available and much more is known; see the discussion following Theorem [L.5lin
the Introduction.

Theorem 2.6. Assume that one of the following three conditions holds:
(1) a1 > =1,0 < p1 < pa;

(i) cn = —1,p1 = pa > 2;

(7i1) a1 = —1,0 < p1 < pa.

Also, assume ag > —1 and

2 1 1
ats 1 0<sy<14 2L

(2.6) 0<s1 <1+ )
P1 b2 P2
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a) Cp: AL — AP2 is bounded if and only if

1,51 2,52

4 (ST) = O (|1 +enw/mr(se) - C oD,

M;D27042+(1 52)p2

(
(2.7)
(b) Cy : APL . — AP2 _ is compact if and only if
)

1,81 a2,82

(2.8 (SI)=o (|I|(2+“1>”2”’1+(1‘31”’2) N

%)
Mpz,aer(lsz);Dz

Proof. Here, for brevity, we prove the sufficiency for boundedness and the necessity
for compactness. The other implications can be seen by easy modifications. Also,
let p = u;,w (1 sy)p, for simplicity.

First, we prove the sufficiency for boundedness. One may easily modify the proof
for compactness. So, suppose that p satisfies [27)).

Note that

P2 — 2+ 2+ a1)p2/p1] — sip2 > —1

by the first part of (Z6). Thus, by Lemma[ZH (a) (k = 0), we have

(2.9) / lg(2)|[P2dp(2) /|g |p2(1_|w|) p2—2+(2+a1)p2/p1]— 5172 4 A (w)

for functions g holomorphic on D.
Also, note that as + (1 — s2)pa > —1 by the second part of @6). It follows from
(), Proposition [Z2] Proposition 21l and [29) that

1foglazs., = IFowllam,

~ £ ()] + [/ IIme)
SO+ apz e

Now, by Proposition 22 and (1)) again, we see that the sum in the last line above
is equivalent to

[1F1] az2 ~ [|f1lar2

[pP2—2+(24+a1)p2/P1]l—5s1P2,1 p2—2+(2+a1)p2/p1.1+s]

= [IR** fll az2

p2—2+(2+a1)p2/p1,1

~ [R*F(0)] + [OR £ 4o

2-2+(2+a1)pa/p1
Next, it is clear that [R** f(0)| < [|f]l.azs . -
23 (a) (k = 1) that

. Also, it is easy to verify using Lemma

< 51 =
1R flare o SR FlLagy = Ly -
Putting these estimates together we conclude the boundedness of C,, : AP! [ —
AP2
2,82°

Next, we prove the necessity for compactness. So, suppose that C,, : A%} |
APz is compact. Suppose that ([Z3J]) does not hold. Then there exist a constant

2,82

C > 0 and a sequence of arcs I,, C 9D such that |I,,| — 0 and
w(SI,) > C|I,|3Fevpz/pit=s)p:

Let 6, = |I,] and (, € 9D be the center of I,, for each n. Fix a large integer N >
(a1 +2)/p—s1. Let gn(2) = (1—(1 —5n)z§n)—N and put f, = 9n||9n||;é11 o Note

5*N*51+(2+0¢1)/p1
~ n

gnllazs . by Lemma Thus, {f.} converges uniformly to
0 on compact subsets of D. Therefore, using the compactness of C,, : AL! . —
AP, we may pick a subsequence of {fn o ¢} that converges to 0 in Aa2 s, and
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use the same notation for that subsequence. Now, first using Proposition 2.1l and
then proceeding as in the proof of Lemma [2.5] we have

AZ22,52 ~ ||fn °© SO||A§22+(1—32)1)2,1

1/p2
> 5£LV+S1*(2+(11)/101 {/SI |1 _ (1 _ 5n)ZCn|(N+1)p2dM(Z)}

> 521—1—(2+a1)/z)1u(5_rn)1/p2
>C

|| frn 0 @]

for all large n. This is a contradiction, because [[fn © ¢[[4z2  — 0. The proof is
complete. O

3. FROM SMALL SPACES TO LARGER SPACES

We now turn to the proof of Theorem [[3. For convenience we divide the theorem
into more easily managed pieces, considering each implication separately as well as
boundedness and compactness.

Theorem 3.1. Let pj, s; and o; (j = 1,2) be as in the hypotheses of Theorem

24 In addition, assume that (";—'1"2 — O‘;—:'Q =51 — S3.

(a) Cp = AR — AP2 s bounded (compact, resp.) if and only if Cy is

1,81 Q2,82
bounded (compact, resp.) on AP _ .
(b) If Cy is bounded (compact, resp.) on AR ., then so is C, on AR2 .

Proof. Note that (24 a1)p2/p1+ (1 —s1)p2 = aa+ 2+ (1 — s2)p2. Thus, (a) follows
from Theorem[Z6l Also, note that A2' . C APz _ by ([4). Thus, (b) follows from

@1,81 @2,52

(a). O

It is straightforward to check that when cy = —1 and p; = ps > 2, the hypotheses
(28) in Theorem [Z0l are equivalent to se < 1 in (IJ). Thus, Theorem [[3] with
inclusion (3) is an immediate consequence of Theorem Bl Similarly, when oy >
—land 0 < p; < po, the hypotheses (Z6]) in Theorem [Z6lare equivalent to ag > —1
and s2 < 1+ (14 ag)/pe2 in (L), and so Theorem [[3 with inclusion (I4) follows.

The proof of the next theorem uses some properties of the pseudo-hyperbolic
distance p on D. Recall that the pseudo-hyperbolic distance between points a and
b in D is given by
a—>b
pla,b) = |\ ——

We use D(a,r) to denote the pseudo-hyperbolic disk of radius r and center a. Recall
also the well-known and useful identity

2
a—b (1—la?)(A — [b]?)
1— = ) ,beD.
1—ab [1 —ab|? “
In particular, it is a consequence of this that
(3.1) 1—abl~1—|a*~1—|b?

whenever b € D(a,1/2).
The next result covers the inclusion (LH) in Theorem [[3] and so completes its
proof.
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Theorem 3.2. Let p > 0, a > —1 and QTJFQ <s< 1+ QT*Q. If C, is bounded

(compact, resp.) on AL, _, then so is C, on Ay (a12)/p-

«,S)?

Proof. We first prove the assertion on boundedness with the additional assumptions
that & > —1, p > 1 and O‘sz <s < 1+%' Note that oo + (1 — s)p > —1 and
therefore AP, & ~ Ai+(1fs)p,1 by (IIl). Choose a € D such that |¢(a)| > 1/2, and

consider the test function f,(z) = log(1 — ¢(a)z). Then, by Proposition 2:2] we
have

w(a)|P _
o o||P, R ¢ (2)|P(1 = |2]?) T E=9PdA(2
Mool % | |1— Tl P aP) (2)
p
> [ R - ey oraa)
D(a.1/2) |1 = p(a)p(2)|P

For z € D(a,1/2), we have 1 — |2]? ~ 1 — |a|?, by (Bd). Also, the Schwarz-Pick
Lemma tells us that ¢(2) € D(¢(a),1/2), and so |1 — ¢(a)p(2)] =~ 1 — |p(a)?® from
(Bl). Using these estimates in the last term in the display above shows that

l¢'(2)P 2ya+(1—s)
Maoelly 2 [ AT e onaa)
at-ap1 "~ Jpia1/2) (1= |p(a)]?)P
/ (2 0424 (1—s)
> [P (@)|P(1 — |a[*)* i
(1 —[e(a)?)?
For the last inequality we used that D(a, 1/2) contains a Euclidean disk with center

a and radius comparable to 1 — |a|?, and that |¢/|? is subharmonic.
Meanwhile, since f(0) = 0, we have

p
Ml /|1_

(3.3) (1 —le(a )I )“*2 7,

where the last equivalence holds by (Z3), because sp > « + 2. Putting these
estimates together with the assumption that Cy, : Af & — AL _ is bounded, we get

(1= lp(a)f) ) o2
{ (1 —lal?) }
This isl gql}ivalent to the boundedness of C, on Ay_(q42)/p; see [Ma] or Theorem
4.9 in |CM].

Now, consider the general case a > —1 and QT*Q <s <1+ QTH. Choose ¢ > p
solargethatq>1ands<1+O‘Tf2—%. Putﬁz%—z Then, 8 > a > —1
and % = "TTQ. Now, by (L4) and (LEH), we have

Ap s C Al s C A, (B+2)/ A (a+2)/p-

(3.2)

( = [o?) P A(z)

sup ¢ (a)] < 0.

a€D

Also, note that ’3+2 < s <1+ ﬁ“. Now, suppose that Cy, : AL & — AP (is
bounded. Then Ctp A, — Aq 5.5 1s bounded by Theorem ml and thus so is
Co : Ag_(at2)/p — Ns—(at2)/p DY the result for the special case we proved first.
ThlS proves the assertion on boundedness.

We now prove the assertion on compactness. Note that A;_(442)/, and AP |
are Mobius invariant, in the sense that every composition operator induced by a
conformal automorphism of the unit disk maps each space into itself, and contained
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in the disk algebra of holomorphic functions on the unit disk that extend to be
continuous on the closed disk. Thus a general theorem of J. H. Shapiro [Sh] asserts
that compactness of C, on each of these spaces implies that ¢(D) is a relatively
compact subset of D. We recall also that

[F(O)] +sup{(1 — |2[*)' 7| f'(2)| : = € D}

is an equivalent norm on Ag; see Theorem 4.1 in [CM]. Now, let {f,,} be a bounded
sequence in A;_(q42)/p- We must show that some subsequence of { f,, 0} converges
in A;_(at2)/p- We know that {f,} is a normal family, and thus a subsequence
(whlch we still call {f,}) converges to some f € H(D) uniformly on compact
subsets of D. Also, if C,, is compact on A} _, then it is bounded and so ¢ = Cyz €
AP C As_(at2)/p- Hence (1 —|z|*)~ sHat2) /P|p! ()| is uniformly bounded on D,
and it follows that

|fn 0 9(0) = f o @(0)] + (1= [2)' = HF2/P £l 0 o(2) — o p(2)]l¢(2)] — 0
uniformly on D as n — oo, since ¢(D) is contained in a compact subset of D. This
means that {f, o ¢} converges to the function g = f o ¢ in A;_(442)/p, and so
Co : MAs_(at2)/p = Ns—(a+2)/p 18 compact. The proof is complete.

Criteria for Cy, to be bounded or compact on A. are known. So Theorem B3.2]can
be used to provide necessary conditions for boundedness or compactness of C, on
the smaller spaces. In particular, we recall that the boundedness on A, implies the
existence of the angular derivative of ¢ at all points of the unit circle where ¢ has
a radial limit of modulus 1; see Corollary 4.10 in [CM]. This proves the following
theorem.

Theorem 3.3. Letp >0, a > —1 anda;2<s<1+a;2 IfC,: AP — AP

is bounded, then the angular derivative of ¢ exists at all points ¢ € OD where the
radial limit (C) of ¢ exists and satisfies |o(C)] = 1.

As mentioned in the introduction, the conclusion of Theorem [B.3] is false for
a=-1,s=1and p =1. Thus, for « = —1, the lower bound 1/p for s cannot be
decreased in general. We also give an example which shows that the lower bound
s> O‘;Q in Theorem [3.3]is sharp in case a > —1. See Example [6.3] below.

The proof of the next theorem is based on Theorem [Z8 So, for simplicity, we
restrict our consideration to the orders of differentiation covered there.

Theorem 3.4. Letp >0, a > —1, s >0 and assume s < 1+ (’—H

(a) If 1+ “;‘1 s>¢e >0 and Cy, is bounded (compact, Tesp) on AP
s0 is Cyp on A ..

(b) If ¢ > 0 and C,, is bounded (compact, resp.) on AL, ., then so is Cy, on
AP

a+te,s”

then

«,s5+¢€’

Proof. Let I be an arc in the unit circle, and let p(z) = w € SI. A standard
argument using the Schwarz Lemma then tells us that 1 — |z| < 1 — |w| < |I], and
S0

Np a+te+(1—s)p SOa Z|50 |p 2 |z|2)a+s+(1—s)p
5 |I| N, ,aJr(lfs)p((paw)a
w € SI. Hence

SI) S °wy) (S1),

]
Mp,a+e+(1—8)p( p,a+(1—s)p
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and statement (b) is now an immediate consequence of Theorem The proof of
(a) is similar and will be omitted. O

We finish this section by giving the proof of Theorem [l from the introduction,
which we restate for convenience.

Theorem 3.5. Letp >0, a > —1, s > 0 and assume ps = o + 2.
(a) If Cyp: A8, . — AP _ is bounded, then C, : VMOA — VMOA is bounded.

a,s a,s

(b) If ¢ is univalent and C, : AL, ; — AL, is compact, then C, : VMOA —
VMOA is compact.

In the proof below and elsewhere, we use the notation dist(a,dF) for the Eu-
clidean distance between a point a and the boundary of a set E.
Proof. If C, is bounded on AJ ., then from (LB we have that ¢ = Cy2 € AL,  C
VMOA. Also, it is easy to see that Cy, is bounded on VMOA if and only if ¢ €
VMOA; see, for example, [Sm2]. This gives part (a).

For the proof of (b), we recall that when ¢ is univalent, C,, is compact on VMOA
if and only if

dist (1 0,(D)) o ()

3.4 lim =0;
(3:4) - 1wl

see Theorem 4.1 in [Sm2|. Also, it is an easy consequence of the Koebe distortion
theorem that if ¢ is univalent, then

(3-5) (1= [zP)¢' (=) = dist(p(2),00(D)), =2 € D;

see Corollary 1.4 in [P].

First, consider the case p > 1 and @ > —1. With ps = a+2 < p+a+1, case (i)
of Theorem 6] (b) tells us that C,, is compact on A, _ if and only if p7  ,(ST) =
o(|I|?) as |I| — 0. We prove part (b) by showing that this fails when C, is not
compact on VMOA. From 34), if C, is not compact on VMOA, then there is
an € > 0 and a sequence {w,} C ¢(D) with |w,| — 1 and dist(w,, dp(D)) >
e(1 — |wy|). Let I, be the arc of the unit circle with center w,,/|wy| and length
[I,] = 2(1 — |wy]|). Since ¢ is univalent,

Hpp—2(STn) :/SI {l¢' () (1 = [}~ 2dA(w),

where w = (2). From B3), |¢'(2)|(1 — |2]?) = (1 — |wy,|) for w in the disk with
center w,, and radius £(1 — |wy|)/2, which yields the lower bound

/J’;p—Q (S1n) Z Inl".

Hence p) , o(ST) # o([I[P), |[I| — 0, as desired.
Now, consider the general case p > 0, @ > —1 and suppose that C, : Af, & — AL

a,s
is compact. With ps = a + 2, choose ¢ as in the proof of Theorem That is,
choose g > p so large that ¢ > 1 and put § = sq — 2 > —1. Then % = O‘T'fQ = s,

and so A}, C A% . by (4). Thus, from Theorem Bl we see that C, : A% s A% s
is compact and thus so is C, : VMOA — VMOA by the result for the special case
that we have proved above. The proof is complete. O
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4. COMPOSITION OPERATORS ON AP

In this section we prove Theorems [[.T] and from the introduction. For con-
venience, we divide these results into more easily managed pieces. As mentioned
in the introduction, it is well known that every composition operator is bounded
on Afj for all p > 0 and 3 > —1. Note that we have AL &~ Af__ by (LI,
when sp < o+ 1. Thus, it follows that every composition operator is bounded on
AP whenever sp < a + 1. The next two theorems complete the description of the
general situation, as stated in Theorem [[.T1

Theorem 4.1. Letp>0,s >0 and o> —1. If s = anl and

(a) p>2 or a = —1, then every composition operator is bounded on AD
(b) p < 2 and a > —1, then some composition operators are not bounded on
AL ..
Proof. If « = —1, then s = 0 and so every composition operator is bounded on

Ab = HP. Ifa>—1,p>2and ps = a + 1, then from (L3) we have that H? C
AP . Hence part (a) follows from Theorem [, since all composition operators are
bounded on HP.

Turning to the proof of (b), first note that Ab, .~ AP, | by (L)), since s = anl.
Also, ¢ = Cpz € A} | | is necessary for Cy, to be bounded on AP ;. Thus it
suffices to show that 1f p < 2 there is a bounded analytic function F gé AP, . The
case p = 1 of this statement is outlined in exercise 9(a) in Chapter VI of [G]. That
construction can be modified to work for p < 2. For completeness, we sketch the
argument.

Let p < 2 and consider the function

z) = Z mt/p2t
k=1

Since the series for f is lacunary with square summable coefficients, it is known
that f € BMOA. This is an easy consequence of BMOA being the dual of H!
together with Paley’s Inequality for the coefficients of an H! function ([D], p. 104),
or see [Mi] for another approach to the proof. Next, it is easy to verify that if

z€A, ={weD:1-2""<|w| <1-2"""1}
then |f/(z)| ~ n~'/P2". This leads to the approximation

[ 1r@Pa-lpyaae) ~ o,

from which we see that f ¢ AP ;. This is not the required example, however,
since f is not bounded. But smce f € BMOA, there are bounded functions u;
and ug on the unit circle such that Ref = u; + 1o where iy denotes the harmonic
conjugate of uy. Here, we are using the same notation for a boundary function
and its harmonic extension. Then |f'|P < |[Vui|P + |Vuz|P by the Cauchy-Riemann
equations, and it follows that there is a bounded real function u on the circle such
that

| u@ra - Ryt = oo

Now let F' = exp(u + @), so that F is a bounded analytic function satisfying
|F'| = |Vu|. Thus F ¢ Apfl’l, and the proof is complete. O
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The proof of the next theorem, covering the case s > QTH, requires two lemmas,
which will also be used in the next section.

Lemma 4.2. Let p >0, s >0, and o > —1. Then the following inclusions hold:
(a) A5, C A§+a+€’1+8 for e > 0;
(b) AY, cqys CAL for0<e<p.

Moreover, both inclusions are bounded.

We remark in passing that, when s = ¢ =0, = —1 and p > 2, the inclusion
in (a) holds and this is just a restatement of the well-known Littlewood-Paley
inequality. When s = e =0, @ = —1 and 1 < p < 2, the inclusion in (b) holds and
this is a restatement of the dual of the Littlewood-Paley inequality.

Proof. By definition of the holomorphic Sobolev spaces, it is sufficient to consider
the case s = 0. First, consider the case a > —1. Then, we have

p ~ p
AL CAD  ~ AP e>0
and
p ~ p p ~ p
Apra—et ® Agesp CAgieep @ 4a,  0<e<p

where the equivalences are from (1)) and the inclusions are clearly bounded.
Now, assume aw = —1. Let f € HP and put

1

2
(4.1) My(f,r) = %/0 |f(re)Pdo,  0<r<1.

Then, for any § > 0, we have M,(f,r) = O ((1 - 7“)_‘5), which implies M, (f',r) =

O ((1 = r)='7%) (see Theorem 5.5 of [D]). Thus, for € > 0, integration using polar
coordinates shows that

1
[ I @Pa -y tieaae) 5 [ @ -n 0ore e,
D 0
With § small enough so that pd < ¢, this integral is convergent, and so (a) holds.

Now, assume 0 < € < p. Consider the case p > 1 first. Let p’ be the conjugate
exponent of p. By the fundamental theorem of calculus and Hélder’s inequality, we

have
27 27 1 p
) — £(0)|Pdb < { ' “’d}d@
/0 () = 1(0)] </0 / ' (rei®)dr

27 1
C ’ O\|P(1 _ (p—l—s)d }de
<o [T{ [ ireenpa-no-aa
~ / F)P(1— [P 2dA(),
D
where

1 ) p/p’
C= {/ (1—r)7? (p_l_s)/pdr} < 00.
0

It follows that

Ve S 1O + /D [F ()P (1= [P~ 2 dA(2),
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and the same is true for p = 1 by a trivial modification of this argument. This
proves (b) for p > 1 by Proposition[Z2 When 0 < p < 1, we have the inclusions

A o1 C Azi/1(})7€) = Hr/(1=9) ¢ g
where the first inclusion comes from ([C4]). This completes the proof. O

We next show that certain inclusions between holomorphic Sobolev spaces are
compact.

Lemma 4.3. Letp >0, s >0, ¢ >0 and o > —1. Then the following inclusions
are compact:
AP

o,s+¢€

C AP C AL

a+te,s”

Proof. We first consider the case o > —1. Let {f,} be a bounded sequence in
AP . To show that the inclusion A% & C AP, is compact, we must show that
some subsequence of {f,} converges in A}, _ . It is well known that the inclusion
AP C A% _ is compact; see, for example, [Sm1]. Thus there exists g € AL, _ and a
subsequence of {f,} (which for convenience we continue to denote { f,,}) such that
R® fn — gin AL _. Now, choose h € H(D) such that R*h = g. It is then clear that

he AP and f, — h in A® This completes the proof that A%  C A¥,_  is

a+te,s a+te,s”
compact. Now, since we have by (LLTI),
P P ~ AP
Aoz,s—i—s c Aa+ps,s+€ ~ Aa,s

and the first inclusion is compact, we conclude the compactness of the inclusion
AP C AP .

o,s+¢€
Now, assume a = —1. Choose positive numbers §;, d2 such that ds < 07 <

min(p, pe). Then, we have the relations

P P ~ AP P P
A71,8+6 C Ap—1+p6—61,1+s+s ~ Ap—1—61,1+s C Ap—1—62,1+s C A*LS'

The first and last inclusions are bounded from Lemma 2] the equivalence is from
(L)), while the remaining inclusion is compact by the previously established part
of this lemma. Hence A’il7s+€ C A’iLS is compact. For the compactness of A’iLS -
AP, note that

AP, C AP ~ AP

P
p—1+4¢e/2,1+s —1+¢e/2,s - A—1+€,s'

The first inclusion is bounded from Lemma B2 as the isomorphism from (1)),
while the remaining inclusion is compact by a previously established part of this
lemma for o > —1. Hence A”,  C A", __is compact. The proof is complete. [J

Theorem 4.4. Let p > 0 and o« > —1. If s > O‘T'fl, then some composition
operators are not bounded on AP, ..

Proof. Since ¢ = Cyz € AY, ; is necessary for C, to be bounded on A}, _, it suffices
to show that if s > O‘T'fl, then H* \ AL . # (), where H> denotes the class of all
bounded holomorphic functions on D. Suppose to the contrary that H> C A% ..
Then this inclusion map is continuous by the Closed Graph Theorem, while the
inclusion map AL o C Af  was shown to be compact whenever o < 3 in Lemma
B3 The hypothesized lower bound for s now allows us to choose § > 1 such

that o + 0 < sp < a+ § + 1. Moreover, we can choose € > 0 so small that
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0<a+6+1+e—sp<1, which gives AL ;| _ C HP/(eFoHIFe=sp) from (LF).
Consequently, we have a chaln of inclusions

p +O414e—

H>®C AL CAP . CHV/© s=sp),

Thus the inclusion H>® ¢ HP/(e+3+1+e=sp) can he viewed as a product of a compact
map and two bounded maps, and hence is compact. But {2} is a bounded sequence
in H* for which no subsequence converges in H?/(e+0+1+e=sp) = Thig contradicts

the compactness of the inclusion map, and the proof is complete. ([

The next theorem (also stated as Theorem [[.2]in the introduction) shows that
the upper bounds for s in Theorems [.1]and [£.4] can be extended when the symbol
o of the composition operator is of bounded valence.

Theorem 4.5. Let a > —1 and let ¢ be of bounded valence. Assume that either
ogsg(’Ter ifp>2, 0r0§s<(’7+1+% if 0 <p < 2. Then C, is bounded on
A

Proof. We use the Carleson measure criteria from Theorem We need to esti-
mate

;DaJr(l S)p SI /SI Z |p 2 - |Z|2)a+(1_s)pd‘4(w)

for arbitrary arcs I C 0D.

First, consider the case p > 2. By assumption we have sp < a + 2. Note that,
since ¢ is of bounded valence, there is a uniformly bounded number of terms in the
sum inside the integral above. Next, we set w = ¢(z) and use the Schwarz-Pick
Lemma, which asserts that |¢’(2)| < (1 —|w|?)/(1 — |z|?), and then the elementary
inequality 1 — |z|2 < C(1 — |w|?) to get that

uﬁaJr(lfs)p(SI) < /51(1 — |w|?)P2 Z{ }(1 2?22 g Aw)
z€p~H{w

S [ - Py rdaw)
SI
5 |I|oz-i-2-',-(1—s)p7
which from Theorem 28 is equivalent to boundedness of C,, on AL ;. We note that
the hypothesis p > 2 was used in getting the first inequality, and sp < a + 2 was
used in the second inequality.

Now, consider the case p < 2. What we have now is sp < a+1+£. By the area
formula (Theorem 2.32 in [CM]), we have

WfoonSD = [ o [ =[O dA ),

Note that, since ¢ is of bounded valence, we have

dA(z / 1dA(w) < |12
/MSD| 2)? B> )< I

z€p~H{w}
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and thus

p/2
15 o1 (ST) < </p_1(31) |<p'(z)|2dA(z)>

(2-p)/2
. / (1= [2[2)2(0+0=90)/ =) g A 2)
P~ 1(SI)

(2—-p)/2
(4.2) < |IP (/ (1— |Z|2)2(a+(1S)p)/(2p)dA(Z)>
p=1(ST)

where the first inequality is provided by Holder’s inequality. To estimate the integral
above, recall that every composition operator C, is bounded on Ag, G > —1, and
that this is equivalent to

(4.3) / (1 [22)%dA(z) < |[1)°+?
e=1(ST)

for all I C 9D; see section 4 in [MS]. Since, by hypothesis, 2(a + (1 — s)p)/(2 — p)
> —1, we can combine the estimates in (£2) and ([3) to get that

Mﬁw_(l_s)p(s_r) < |I|p+a+(1*8)p+(2*p) — |I|a+2+(178)p.

From Theorem 2.0, this is equivalent to C\, being bounded on AL .. The proof is
complete. O

Our final result in this section shows that the compactness of the inclusions in
Lemma [4.3] extends to all composition operators with a certain restriction on s.

Theorem 4.6. Let p > 0, a > —1 and € > 0. Assume that either (i) a > —1,
0§S<O‘T'f1 or (i) a = =1, s =0 or (iiz’)s:o‘Tfl,pZZ

(a) Cy: AL . — AP _is compact.
(b) Cp: AL, — AP is compact whenever a —e > —1.
Proof. We may view the action of C,, : A?, _,_ — AP, _ as follows:
c
Ag,ers C Ag,s — Ag,s'
Also, if o —e > —1, then we may view the action of C,, : A}, _ , — AP _as follows:
c
Agfs,s - Ag,s — A;gz,s'

The inclusions above are both compact by Lemma [£3] and every composition
operator is bounded on A%, ; by Theorem [LT] Thus, both operators are compact.
The proof is complete. O

Carleson measure criteria for Cy, to be bounded or compact on Hf are known;
see Theorems 4.11 and 4.12 in [CM]. For s not an integer, characterizing when
C, is bounded or compact on HY seems much harder than the analogous problems
on the Bergman spaces. The problem is that for the Hardy spaces, (I)) does not
provide isomorphisms with spaces defined using full derivatives. Thus, we are led
to the following.

Problem. Characterize ¢ for which C, is bounded (compact) on H?, s > 0.

s
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5. COMPOSITION WITH A POLYGONAL MAP

Here, we find simple criteria for the compactness of the composition operators
between holomorphic Sobolev spaces induced by polygonal maps.

Recall that dist(a,JE) denotes the Euclidean distance between a point a and
the boundary of a set F.

Lemma 5.1. Suppose that P is a polygon inscribed in the unit circle with a vertex
at v and let mn(v) be the vertex angle at v. Then, given a Riemann map ¢ of D
onto P, there exists a neighborhood N, of v such that

¢/ (2)] = (1 = Jp(z)]) 171/,
(1= |z = (1= lp(z))"/") dist(e(2), OP)
for all z € o~ 1(Ny).

Proof. Recall that ¢ extends to a homeomorphism of D onto P (see, for example,
Theorem 14.19 of [R2]). Assume v = 1 and ¢(1) = 1 for simplicity. Also, let
7 =n(v). Then, a reflection argument yields

1—¢(2) = (1= 2)" + O(|1 = 2['*")
for some constant ¢ # 0 and for all z near 1. Thus, we have
[P ()~ 1= 277" = 1= ()" (1= Je(z))! 7

for z near 1. The last equivalence in the display above holds, because ¢(z) is
contained in a nontangential region with the vertex at 1. This proves the first
equivalence of the lemma. The second equivalence is now a consequence of the
estimates

i(l = 2P ()] < dist(p(2),0P) < (1= |2l (2)],

which hold since ¢ is univalent; see Corollary 1.4 of [P]. The proof is complete. O

Lemma 5.2. Let P be a polygon inscribed in the unit circle. Assume b > —1 and
a+b>—2. Then, there exists a constant C > 0 such that

/ (1 — |w]?)* dist(w, dP)PdA(w) < C|I|*T0+2
PNSI

for all arcs I C 0D.

Proof. Let us introduce a temporary notation. For an arc I C 0D with center at
¢ € 0D and |I| = 26, we let S5(¢) = SI.

Assume that ¢ is sufficiently small and P N Ss5(¢) # 0. Then, there is a constant
(4, depending only on P, such that S5(¢) C S¢,s(v) for some vertex v of P. Assume
v =1 for simplicity. Assuming that ¢ is sufficiently small so that S¢,5(1) contains
no vertex of P other than 1, note that 1 — |w| = |1 — w| for w € PN S¢,5(1). Now,
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we have

/ (1 — Jw[2)* dist(w, OP)PdA(w)
PNS5(¢)
< / (1 — Jw|*)? dist(w, OP)*dA(w)
PﬁSclg(l)
~ / 11— w|® dist(w, OP)PdA(w)
PﬁSclg(l)

7 pC2d
< / / (7 sin 0) rdrdf
o Jo

~ 6a+b+2

as asserted, where C5 is a constant depending only on P. The estimate for large ¢§
follows from the inequality

/(1 — |w|*)® dist(w, dP)*dA(w) < oo,
P
which is clear from the argument above. The proof is complete. O

Recall that D(z,1/2) denotes the pseudohyperbolic disk. Let D(z) = D(z,1/2).
In the following we let dA,(z) = (1—|z|?)*dA(z) for @ > —1. The following lemma
is proved for a = 0 in [L2], and the same proof works for general a.

Lemma 5.3. Let o > —1 and p be a positive finite Borel measure on D. Assume
p>q > 0. Then, there is a constant C such that

1/q 1/p
( / Iflqdu> <c< / IfI”dAa> . feas
D D

if and only if T € L7 (Ay) where 7(z) = X(?D(Zg)

For a polygon P inscribed in the unit circle, recall that §(P) denotes 1/7 times
the measure of the largest vertex angle of P.
Proposition 5.4. Letp; >0, a; > —1,s; >0 (j =1,2) and assume
ay +2 1 ag +1
! -, So < 2 .
p1 p2 P2

Let ¢ be a holomorphic function taking D into a polygon P inscribed in the unit
circle. If

(51) S1 < ].+

p1(ag + 2 — sap2)
pa(ar +2 —s1p1)’
then Cy, : APL . — AP2 _is bounded.

«1,81 Q2,52
Moreover, for functions ¢ of bounded valence, the second part of ([BI) can be
replaced by the weaker condition that

2 1
Qo+ if p2 > 2, or 52<a2+

(5.2) H(P) <

(53) S92 S

1 .
+ - if 0 <pa <2
D2 2

In either case the equality can be allowed in (B2) for ps > p;.
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Proof. Let ¢o be a Riemann mapping of D onto P and put ¢ = ¢, ' o ¢. Then
@ = oo and thus C, = Cyioyp = CyCy,. Note that Cy : AP2 =~ — AP2

2,82 Q2,82

is bounded by Theorem [[L1] or Theorem [[.2. This shows that we only need to
prove the proposition for ¢ = ¢g. So, in the rest of the proof, we assume that ¢
is a Riemann map of D onto P. For simplicity, let 3; = p; + a; — s;p; and let
v; =2+ a; —s;p; for j =1,2.

First, consider the case ps > p1. By Theorem we need to show that

(5.4 15y 0, (S1) = O(1| (el taem)

for all arcs I. As in the proof of Lemma B2, we only need to consider I centered at
a vertex of P for which |I]| is sufficiently small. Given such I, we have by Lemma
B and Lemma (.2,

HmSD = [T @) e () ) dAGw)
SInP
~ / dist(w, OP)%2 (1 — |w|) M0~ D72 g A(w)
SInP

(5.5) ST

where § = 0(P). In the last inequality we used the fact that S2 > —1, 72 > 0 from
(B3) and thus

(56) ﬁg + (é — 1) Yo > —1.

Thus, we have (B4) by (£2) and (BE). Also, the same proof works in case the
equality holds in (5:2)).

Next, consider the case po < p1. We may assume ¢(0) = 0. Let f € AL} . be
an arbitrary function such that f(0) = 0. Since ps < p1, we have 81 > —1 by the
first part of (BI). Thus, by (ILIl) and Proposition 22, we have

1, ~ 17 @ o) dAw).
Also, we have by (1), Proposition B2 and Lemma 5.1
1CANy = ICDI
= [ 1Pl P = BRdAG)
= [ 1Pl e @) - e w) Py dAw)
< [ 17l dist(w,0P)* (1= )V dAGw).

Now, define measures
dpn(w) = (1 = |w])?* dA(w),
dpis (w) = dist(w, OP)% (1 — [w]) /9= X, 1) (1) dA(w)

and let
7(2) = 7ﬂ2(D(2)) z € D.
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By Lemma B3] we need to show that 7 € LP(u1) where p = p1/(p1 — p2). Note
that p2(D(z)) = 0 if z is outside of some polygonal region Q. On the other hand,
for z € @, we have

p1(D(2)) = (1 — |z]?)**2,
p2(D(2)) = (1 — |z]?)P2+(1/0=1n2+2,

the first estimate is standard and the second one can be verified with (&.8) by
modifying the proof of Lemma B2 Accordingly, we have

7(2) ~ (1 = [of?)m At 07D X (2),

It follows that 7 € LP(py) if and only if p[B2 — 81 + (1/0 — 1)7y2] + 51 > —2, which
turns out to be the same as (52)). This completes the proof. (]

Theorem 5.5. Letp; >0, a; > —1,s; >0 (j =1,2) and assume (EJI) holds. Let
@ be a holomorphic function taking D into a polygon P inscribed in the unit circle.
If B2) holds, then Cy, = ABY . — A2 is compact.

Moreover, for functions ¢ of bounded valence, the second part of ([B1) can be
replaced by the weaker condition (5-3).

In Example below, we show that (B3) provides the sharp upper bound of

2242 for 59 when py > 2. While we do not know whether it does the same when

D2
pa < 2, the upper bound for s, when ps < 2 cannot be extended to 222 as is

shown by Example Nevertheless, Example [6.4]1 shows the upper bound of 6(P)
in (&2) is sharp in either case.

Proof. Assume that ([5.2) holds and choose ¢ > 0 sufficiently small so that (5.2)
holds with a1 + ¢ in place of ;. By Lemma B3 we have AR . C AP) . and
the inclusion is compact. Thus, it is sufficient to show that C,, : AP} = — AP2
is bounded. In case az > —1, we see that C, : AD} . — A2 _is bounded by
Proposition 41

So, assume as = —1. Note that with ay = —1 there is no s, satisfying the
second part of (5.1]). Thus, we only need to be concerned about the case where ¢
is of bounded valence and (53)) holds. First, consider the case po < 2. In this case,

we can view the action of C, as follows:

C
P1 ® D2 p2
A — A 1sa41 C A

ai+te,s1 p2— —1,s2
where C,, : Aﬂll bes = A5§71 541 18 bounded by Proposition[5.4] and the inclusion
comes from (L2). Therefore, Cy, : AY! — AP2 _is bounded. Next, consider

o1+€,81 @2,52
the case p2 > 2. Choose p} € (2,p2) and o > —1. Also, let s, = a;jf + 89 — p%.

Then, we can view the action of C, as follows:

s2

C ’
p1 ¥ Py P2
Aa1+5131 Aa’z,s’z - A—1,32
. P1 p’z . oy . .
where Cy, + AY . — 140(,278,2 is bounded by Proposition [5:4] and the inclusion
comes from (LZ)). The proof is complete. O

Remarks. 1. As mentioned in the proof above, there is no s, satisfying the second
part of (BI) in case @y = —1. Thus, we have no conclusion in Theorem for
general ¢ in case the target space is a Hardy-Sobolev space.

2. Note that the condition (&2) holds vacuously if a;—jQ - a;—:Q < s1 — S9.
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6. EXAMPLES

We now give several examples demonstrating that our theorems are sharp. For
that purpose we introduce the so-called lens maps. For 0 < 7 < 1 we denote by ¢,
the function defined by

o(z)" -1
o(z)1+1’
where 0(z) = (1+ 2)/(1 — z). Let ¢,(D) = L,. Then, ¢, is the Riemann map
of D onto the subset L, of D bounded by arcs of circles meeting at = = £1 at an
angle of nm, and fixing the points —1, 0, and 1. Because of the shape of the range
L,, such a map is called a “lens map”. Note that L, is contained in a polygon

inscribed in the unit circle.
By a straightforward calculation, we have

(6.1) on(z) = zeD

(6.2) L—lp)|=[1=2",  |¢E)I=1-2""
for z near 1.
The first example shows that the upper bound s < (’TTQ in Theorem [[2(a) is

sharp. Also, this example shows that the upper bound sy < agQ in Theorem
is sharp when py > 2 and ¢ is of bounded valence.

Example 6.1. Let p > 1, « > —1 and (’TTQ <s<1+ "TH. Then, there exists a
lens map ¢, & Af, . In particular, Cy, is not bounded on A% ..

Proof. Choose 0 < n < 1 sufficiently small so that sp > np + a + 2 and consider
the corresponding lens map ;. Note that A} . ~ AZJF(PS)Z) . by ([LI). Therefore,

we have by Proposition Z2land (6.2]),
AL R /D |<p:7(z)|p(1 _ |z|2)“+(1—3)pdA(z)

~ / |1 — 2@ DP(1 — [22)2(1-9rgA(2),
D

[lspn]

Note that (n—1)p+a+ (1 — s)p < —2, because sp > np+ a + 2. Thus, an obvious
estimate in an angle with vertex at 1 shows that the last integral above diverges,
as desired. (Il

We do not know whether the upper bound s < anl + 1 in Theorem MCA(b) is
sharp. However, the next example shows that the upper bound cannot be extended
to O‘sz as in Theorem[T2(a). Also, this is related to the assumption, so < a;—:l + %,
in Theorem [5.5] when pa < 2.

Example 6.2. For each p € [1,2), there exist a > —1, 0 < s < 1 with s < O‘sz
and a univalent holomorphic self-map ¢ of D such that ¢ & AP .. In particular,
Cy is not bounded on A%, ..

Proof. P. Jones and N. Makarov have shown (see Theorem D(2) in [JM]) that for
any p < 2, there exist a univalent holomorphic self-map ¢, of D and a constant
¢ > 0 such that the integral means of 30;) satisfy

2
(6.3) (1 =72 TP ME () 1) > 1
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for some sequence r,, — 1. Here, we are using the notation introduced in (EI).
Note that, for any f € Af, > —1, we have

1
/ MP(f,r)r(1 - r3)Pdr < oo,
0

and so
(L =r)oHMp(f,r) = (B+ 1)M5(f77“)/1(1 —t)7dt
r
<(B+1) /1 ME(f.£)(1 = t)%dt = o(1)
as v — 1. This, together with (6.3), yields ¢}, & A5_2+C(2_p)2. In other words, we
have ¢, & A£_2+C(2_p)2,1 by Proposition Note that the hypothesis p > 1 is

used here to assure that p — 2 + ¢(2 — p)? > —1. Now, choose s € [0,1) such that
sp—2+c(2—p)? > —1 and put a = sp — 2+ ¢(2 — p)?. Then, we have s < "TTQ.

Also, since A5_2+C(2_p)2,1 ~ AP ¢ by ([L.I), we have @, & AP, .. O

The next example shows that the lower bound s > “T” in Theorem is sharp
when a > —1.
Example 6.3. Let p > 1, a > —1 and put s = an2. Then, there exists a

holomorphic self-map ¢ of D with ¢(1) = 1 such that C,, : AL ; — AL _ is bounded
but ¢ does not have angular derivative at z = 1.

Proof. Let ¢ = ¢, be any lens map. Note that a + (1 — s)p > —1. Thus, as in the
proof of Proposition (.4, we have

Hpa+(-s)p(ST) S [I[PHETa=Pm = 1|7,

so that Cy : A2, — AP _ is bounded by Theorem 2.6[(i). Clearly, ¢ does not have

a,s a,s

an angular derivative at 1. O

The next example shows that the upper bound for §(P) in Theorem [B.H is sharp
when a7 > —1.

Example 6.4. Let p;, s;, a; be as in the hypotheses of Theorem Assume
a1 > —1 and

p1(ag + 2 — sap2)
p2(c1 +2 — s1p1)
Then, f oy, ¢ AP? _ for some f € AP}

2,52 «1,51°

(6.4)

n <1

Proof. Let ¢ = ¢,. Choose 0 < a < 1 such that |¢(a)| > 1/2. Also, by using (6.4),
choose ¢ > 0 sufficiently small so that
(2+a2)/p2 —s2+¢€

(6.5) 2+ on)/p— o <n<l.

Now, consider the test function f,(z) = log(1l — ¢(a)z). Let k > s1 be a positive

integer. Then we have ABL  ~ A£11+(k_sl)p7k by (L]). Therefore, by Proposition
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22 23), ©2) and (G.3),

Ufallagy . =~ Wallars, o
~ (1= pla) Py e/
~ (1— a)[(2+0t1)/p1—31]n
(6.6) < (1- a)[(2+a2)/p2752]+5.
On the other hand, for as > —1, we have by ([L1)) and (32),
faobllazg ., =~ lfao <»0||AZ22+(1_52)D2)1
 [#@I(1 = a)Eron)/prt0-
~ (1 = lp(a)l?)
and thus by (6.2),
. a © P2 —-a B
(6.7) a0l .. 2 (1 a)as/m=s
This also holds for ap = —1, because A”  C A(Qf 2, by ([L4). Consequently, we
obtain from (6.7), (66) and Lemma E3 that
||fa o 30||A£22,52 > (1 . a,)iE.
Wfallazs ., ™
Now, letting a — 1, we see that C,, does not take AL} . into AL2 . by the Closed
Graph Theorem. O
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